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AN ELEMENTARY ABELIAN p-COVER OF THE HERMITIAN
CURVE WITH MANY AUTOMORPHISMS
SATORU FUKASAWA
Abstract. A certain elementary abelian p-cover of the Hermitian curve with
many automorphisms in characteristic p > 0 is considered. It is proved that
the order of Sylow p-groups of the automorphism group of this curve is close
to Nakajima’s bound in terms of the p-rank. Weierstrass points, Galois points,
Frobenius nonclassicality, and the arc property are also investigated.
1. Introduction
Let k be a ground field, which is an algebraically closed field of characteristic
p ≥ 0. The automorphism group Aut(X) of a smooth projective curve X of genus
gX ≥ 2 over k has been studied by many authors. When p = 0, there is a well-
known bound of |Aut(X)| by Hurwitz: |Aut(X)| ≤ 84(gX − 1). When p > 0, many
examples of curves X with |Aut(X)| > 84(gX − 1) are known. In many such cases,
the p-rank γX ofX is zero. It is known that γX ≤ gX ([10, Exercise 4.16]). Curves X
with γX = gX and |Aut(X)| > 84(gX − 1) were first presented by Subrao [12]. The
relation between γX and Aut(X) was investigated by Nakajima [9]. For the study of
(large) automorphism groups of algebraic curves in positive characteristic, it would
be good to provide a family of curves X such that γX > 0 and |Aut(X)|/gX → ∞
as gX →∞ (see, for example, [4, 5]).
Hereafter, we assume that p > 0 and q is a power of p. In this article, we consider
the smooth model Xn of the plane curve Cn ⊂ P
2 of degree qn(q + 1) defined by
(xq
n
+ x)q+1 + (yq
n
+ y)q+1 + c = 0,
where c ∈ k \ {0}, and qn − 1 is divisible by q + 1, that is, n is even. We prove that
γXn > 0 and |Aut(Xn)|/gXn →∞ as gXn →∞, as a corollary of Theorem 1 (stated
below). This curve belongs to a family of plane curves with two Galois points, which
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was introduced by the present author [2]. A point P ∈ P2 \ C is called an outer
Galois point for a plane curve C ⊂ P2 if the function field extension k(C)/π∗Pk(P
1)
induced by the projection πP from P is Galois (see [8, 13]). In this article, we prove
that there exist further Galois points for Cn. Furthermore, several good properties
of Xn are investigated. The following two theorems are our main results.
Theorem 1. For the curve Xn, the following hold.
(a) The genus gXn of Xn is
qn(q+1)(qn+1−2)
2
+ 1.
(b) The p-rank γXn of Xn is q
2n+1 − qn+1 − qn + 1.
(c) |Aut(Xn)| ≥ q
2n+1(q2 − 1)(q + 1).
(d) There exist q2 − q outer Galois points for Cn.
(e) supp(D) = {P ∈ Xn | H(P ) ∋ q
n+1}, where D is the divisor of Xn given by
{Z = 0} and H(P ) is the Weierstrass semigroup of P .
Theorem 2. Assume that k = Fq, n = 2 and c ∈ Fq \ {0}. Then:
(a) C2 is q
4-Frobenius nonclassical.
(b) The set C2(Fq4) is a complete (q
7− q5 + q + 1, q3+ q2)-arc, where C2(Fq4) is
the set of all Fq4-rational points of P
2 lying on C2.
(c) The number of outer Galois points for C2 is exactly q
2 − q.
Remark 1. (a) According to Theorem 1 (a) and (c), it follows that |Aut(Xn)| ≥
g
n+2
n+1
Xn
. In particular, for n = 2, |Aut(X2)| ≥ g
4/3
X2
.
(b) Let p > 2. We will prove the existence of a p-group Σ ⊂ Aut(Xn) of order
q2n+1. According to Theorem 1 (b), this order is close to the bound
|H| ≤
p
p− 2
(γX − 1)
by Nakajima [9, Theorem 1 (i)] on the order of Sylow p-groups H of the
automorphism group. This bound implies that Σ is a Sylow p-group of the
full automorphism group Aut(Xn).
(c) Accoding to Theorem 1 (e), Aut(Xn) acts on supp(D), and all points of
supp(D) are Weierstrass points.
Remark 2. The number of outer Galois points for a plane curve C is denoted by
δ′(C). Our curves form a new family of curves C of degree d such that δ′(C)→∞
as d→∞ (see the Table for δ′(C) in [14]).
It is also interesting that Weierstrass points and Finite Geometry are applied to
the proof of Theorem 2 (c).
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2. Proof of Theorem 1
The system of homogeneous coordinates on P2 is denoted by (X : Y : Z) and the
system of affine coordinates on A2 with Z 6= 0 is denoted by (x, y), where x = X/Z
and y = Y/Z. The irreducibility of Cn was proved in [2, Theorem 1]. The genus
of Xn was also computed in [2]: gXn =
qn(q+1)(qn(q+1−1)−2)
2
+ 1. Assertion (a) in
Theorem 1 follows.
The set Sing(Cn) of all singular points of Cn consists of q + 1 points on the line
{Z = 0}. Let αq+1 = −1 with α2 6= 1 and let
t = −x+ αy, u = αx− y.
Then
x =
1
α2 − 1
(t+ αu), y =
1
α2 − 1
(αt+ u),
and the relation between t and u is described as:
(tq
n
+ t)q(uq
n
+ u) + (tq
n
+ t)(uq
n
+ u)q + c′ = 0,
where c′ = (α
2
−1)q+1c
α+αq
. This plane model is denoted by C ′n. Let ψ : Xn → C
′
n be the
normalization.
For the plane model C ′n, there exist the following automorphisms.
(a) σβ,γ : (t, u) 7→ (t+ β, u+ γ), where β
qn + β = 0 and γq
n
+ γ = 0.
(b) τδ : (t, u) 7→ (t + δu, u), where δ
q + δ = 0.
(c) (t, u) 7→ (ǫt, ǫ−qu), where ǫ ∈ F∗q2 .
Note that these automorphisms fix the singular point (1 : 0 : 0) for the coordinates
(T : U : V ) with T/V = t, U/V = u. For the plane model Cn, there exist the
following automorphisms.
(d) (x, y) 7→ (α′x, y), where α′q+1 = 1.
Note that the automorphisms of type (d) act on the set Sing(Cn) transitively. There-
fore, Aut(Xn) acts on Sing(Cn) transitively, of which the order of the stabilizer
subgroups is at least (qn)2q(q2 − 1). Assertion (c) in Theorem 1 is verified.
Let
Γ := 〈σβ,0, τδ | β
qn + β = 0, δq + δ = 0〉 ⊂ Aut(Xn),
which is generated by automorphisms of type (a) with γ = 0 and of type (b). It
is inferred that k(Xn)
Γ = k(t, u)Γ = k(u). Note that the extension k(Xn)/k(u) is
a Galois extension of degree qn+1 and this is induced by the projection from the
singular point (1 : 0 : 0) of multiplicity qn. Since the projective line defined by a
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component of uq
n
+ u intersects with C ′n at (1 : 0 : 0), it is inferred that ψ
−1((1 :
0 : 0)) ⊂ Xn consists of exactly q
n points, and there exist a unique ramification
point of index qn+1 for each line defined by a component uq
n
+ u. According to the
Deuring–S˘afarevic˘ formula ([12]),
γXn − 1
qn+1
= −1 + qn
(
1−
1
qn+1
)
.
Assertion (b) in Theorem 1 follows.
Let P = (β : 1 : 0) ∈ {Z = 0} \ Sing(Cn) with β ∈ Fq2 . Then β
q+1 6= −1. We
consider the projection πP from P . The projection πP is represented by (x, y) 7→
x− βy. Let v = x− βy. It follows that
{
(yq
n
+ y) +
β
βq+1 + 1
(vq
n
+ v)
}q+1
+
1
(βq+1 + 1)q+1
(vq
n
+ v)q+1 +
c
βq+1 + 1
= 0.
It is inferred that the extension k(y, v)/k(v) is of degree qn(q + 1) and is Galois.
Therefore, there exist (q2 + 1) − (q + 1) = q2 − q outer Galois points on the line
{Z = 0}. Assertion (d) in Theorem 1 follows.
We consider assertion (e) in Theorem 1. We prove that H(P ) ∋ qn+1 for any
P ∈ supp(D). We can assume that ψ(P ) = (1 : 0 : 0). As we saw the proof
of assertion (b) in Theorem 1, for the automorphism group Γ, the covering map
Xn → Xn/Γ ∼= P
1 is totally ramified at P . This implies that H(P ) ∋ qn+1.
The following lemmas are needed for the proof of supp(D) ⊃ {P ∈ Xn | H(P ) ∋
qn+1}.
Lemma 1. For any point Q ∈ Cn \ {Z = 0} and any line ℓ ∋ Q, the intersection
multiplicity IQ(Cn, ℓ) of Cn and ℓ at Q is strictly less than q
n+1.
Proof. Assume by contradiction that there exists a point Q ∈ Cn \ {Z = 0} with
IQ(Cn, ℓ) ≥ q
n+1. Let R ∈ ℓ ∩ {Z = 0}. By the action of automorphisms of the
fom (x, y) 7→ (x + β, y + γ), where βq
n
+ β = 0 and γq
n
+ γ = 0, there exist q2n
points Qi and lines ℓi ∋ Qi such that IQi(Cn, ℓi) ≥ q
n+1 and ℓi ∋ R. According to
the Riemann–Hurwitz formula for πR, it follows that
qn(q + 1)(qn+1 − 2) ≥ −2qn(q + 1) + q2n × qn+1.
This implies that q + 1 ≥ qn. This is a contradiction. 
Lemma 2. The divisor (qn+1 − 2)D is a canonical divisor.
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Proof. We consider the projection from P = (1 : 0 : 0). Note that there exists qn
lines ℓ such that Cn ∩ ℓ consists of d ramification of index q + 1. According to the
Riemann–Hurwitz formula ([10, Remark 4.3.7]),
(dy) ∼ −2(y)∞ + q
n × (q + 1− 1)D ∼ (qn+1 − 2)D.

We prove that qn+1 6∈ H(Q) for any Q ∈ Cn with Q 6∈ {Z = 0}. Let Q = (a :
b : 1). We consider the canonical embedding induced by |(qn+1 − 2)D|. Note that
(x)∞ = (y)∞ = D, and
(xq+1 − yq+1)∞ ≤ qD.
Since (x− a)q+1 − (y − b)q+1 =
∏
λq+1=1(x− a− λ(y − b)), it follows that
((x− a)q+1 − (y − b)q+1)∞ ≤ qD.
Then
(x− a)q
n+1
−q−2{(x− a)q+1 − (y − b)q+1} ≥ −(qn+1 − 2)D.
Note that
ordQ(x− a)
qn+1−q−2{(x− a)q+1 − (y − b)q+1} ≥ (qn+1 − q − 2) + (q + 1) = qn+1 − 1.
By Lemma 1, it is inferred that there exists a function h ∈ k(Xn) such that ordQh =
qn+1 − 1 and (h) ≥ −(qn+1 − 2)D. This implies that qn+1 6∈ H(Q). The proof of
assertion (e) in Theorem 1 is completed.
Using assertion (e) in Theorem 1, we obtain the following corollary, which is used
for the proof of Theorem 2 (c).
Corollary 1. All outer Galois points for Cn are contained in the line defined by
Z = 0.
Proof. Let R ∈ P2 \ Cn be a Galois point. Assume that R 6∈ {Z = 0}. Let
P ∈ supp(D). By assertion (e) in Theorem 1, GR acts on ψ
−1(Rψ(P ))∩ supp(D) =
ψ−1(ψ(P )) (see also [10, Theorem 3.7.1]). Since ψ−1(ψ(P )) consists of qn+1 < qn(q+
1) = degCn points, πR is ramified at each point of ψ
−1(ψ(P )) (see [10, Corollary
3.7.2]). However, the directions of the tangent lines at ψ(P ) are different. This is a
contradiction. Therefore, R ∈ {Z = 0}. 
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Remark 3. Related to the proof of Theorem 1 (b), the automorphism subgroup Γ
is an elementary abelian p-group of order qn+1. Therefore, there exist v ∈ k(Xn)
and f(u) ∈ k(u) such that k(Xn) = k(v, u) and
vq
n+1
− v = f(u)
(see [3, Proposition 1]).
3. Proof of Theorem 2
In this section, we assume that k = Fq, n = 2 and c ∈ Fq \ {0}. Let
f(x, y) = (xq
2
+ x)q+1 + (yq
2
+ y)q+1 + c.
For the q4-Frobenius nonclassicality, we prove that
fx(x
q4 − x) + fy(y
q4 − y) = 0
in k(Cn) (see [7, 11]). Note that
f q = (xq
2
+ x)q
2+q + (yq
2
+ y)q
2+q + cq = 0.
It follows that
fx(x
q4 − x) + fy(y
q4 − y) = (xq
2
+ x)q(xq
4
− x) + (yq
2
+ y)q(yq
4
− y)
= (xq
2
+ x)q((xq
2
+ x)q
2
− (xq
2
+ x))
+(yq
2
+ y)q((yq
2
+ y)q
2
− (yq
2
+ y))
= (xq
2
+ x)q
2+q + (yq
2
+ y)q
2+q
−(xq
2
+ x)q+1 − (yq
2
+ y)q+1
= −cq + c = 0
in k(Cn). Assertion (a) in Theorem 2 follows.
To prove assertion (b) in Theorem 2, we count Fq4-rational points on C2. The set
C2 ∩ {Z = 0} = Sing(C2) consists of q + 1 Fq2-rational points. We consider points
on the affine plane Z 6= 0. For each Fq2-rational points (a, b) of the Hermitian curve
xq+1 + yq+1 + c = 0, there exist q4 Fq4-rational points (x, y) of C2 such that
xq
2
+ x = a, and yq
2
+ y = b.
Therefore, there exist
q4((q3 + 1)− (q + 1)) + (q + 1) = q7 − q5 + q + 1
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Fq4-rational points on C2.
See [6] for the definition of a (k, d)-arc (arising from a plane curve) and the
arc property. For the completeness of our arc, we prove that for any point Q ∈
P
2(Fq4) \ C2(Fq4), there exists an Fq4-line ℓ ∋ Q such that ℓ intersects with C2(Fq4)
at degC2 = q
3 + q2 points. Since C2 is q
4-Frobenius nonclassical, according to [6,
Lemma 2.2], we prove that for any point Q ∈ P2(Fq4) \ C2(Fq4), there exists an
Fq4-line ℓ ∋ Q such that ℓ is not a tangent line of C2 and ℓ ∩ Sing(C2) = ∅.
Let a ∈ Fq4 and let R = (a : 1 : 0) ∈ {Z = 0} \ Sing(C2). We consider the line ℓ
passing through R and P = (0 : 0 : 1). Then ℓ is defined by x = ay and
f(ay, y) = (aq
3+q2 +1)yq
3+q2 +(aq
3+1+1)yq
3+1+(aq
2+q+1)yq
2+q+(aq+1+1)yq+1+c.
If aq
3+q2 + 1 = 0, then R ∈ Sing(C2). Therefore, a
q3+q2 + 1 6= 0. The differential of
f(ay, y) is
f(ay, y)′ = (aq
3+1 + 1)yq
3
+ (aq+1 + 1)yq.
We consider the solution f(ay, y) = f(ay, y)′ = 0. Since (aq+1 + 1)q
3
= aq
3+1 + 1,
(aq+1 + 1)q
2
yq
2
+ (aq+1 + 1)y = 0. This implies that y ∈ Fq4 . It follows that
(aq
3+1 + 1)yq
3+1 = −(aq+1 + 1)yq+1, and
(aq
2+q + 1)yq
2+q = (aq
5+q2 + 1)yq
5+q2 = ((aq
3+1 + 1)yq
3+1)q
2
= (−(aq+1 + 1)yq+1)q
2
= −(aq
3+q2 + 1)yq
3+q2 .
This implies that c = 0. This is a contradiction. Therefore, f(ay, y) is a separable
polynomial of degree q3 + q2. Then ℓ is not a tangent line with ℓ ∩ Sing(C2) = ∅.
Since the automorphism σβ,γ : (x, y) 7→ (x+β, y+γ) with β
q2+β = 0 and γq
2
+γ = 0
fixes all points on the line {Z = 0} and acts on the set T := {(β, γ) | βq
2
+ β =
0, γq
2
+ γ = 0} consisting of q4 points on the affine plane Z 6= 0, it follows that for
any Fq4-rational point R ∈ {Z = 0} \ Sing(C2) and any point P ∈ T, the line RP is
not a tangent line with RP ∩ Sing(C2) = ∅, where RP is the line passing through
R and P .
Let Q ∈ P2(Fq4) \ C2(Fq4). If Q ∈ {Z = 0}, then the claim follows. Assume that
Q lies on the affine plane Z 6= 0. Note that for any line ℓ ⊂ P2, the set ℓ∩T consists
of at most q2 points. Since
⋃
S∈Sing(C2)
QS 6⊃ T, there exists a point P ∈ T such that
the point given by QP ∩{Z = 0} is an Fq4-rational point in {Z = 0} \Sing(C2). By
the discussion above, QP is not a tangent line with QP ∩ Sing(C2) = ∅. Assertion
(b) in Theorem 2 is verified.
8 SATORU FUKASAWA
We consider assertion (c) in Theorem 2. Let R ∈ P2 \C2 be an outer Galois point.
By Corollary 1, it follows that R ∈ {Z = 0}. We prove that R is an Fq2-rational
point. Since the projection πR is not ramified at each point of supp(D), there exists
a ramification point Q 6∈ {Z = 0}. By the proof of assertion (b) in Theorem 2,
RQ ∩ T = ∅. In addition, according to assertion (a) in Theorem 2 and a result of
Borges and Fukasawa [1, Proposition 1], the line RQ is defined over Fq4 . Since R is
contained in {Z = 0}, it follows that R is an Fq4-rational point.
Assume that for any Fq4-rational line ℓ ∋ R, ℓ ∩ T consists of a unique point.
Since the set T consists of q4 points and the number of lines ℓ ∋ R defined over Fq4
with ℓ 6= {Z = 0} is equal to q4, it follows that ℓ ∩ T 6= ∅ for any line ℓ ∋ R defined
over Fq4 with ℓ 6= {Z = 0}. This implies that RQ ∩ T 6= ∅. This is a contradiction.
It follows that there exists a line ℓ ⊂ P2 with ℓ ∋ R defined over Fq4 such that ℓ
contains two different points (β1, γ1), (β2, γ2) ∈ T. Then ℓ is defined by
(γ1 − γ2)X + (β2 − β1)Y + (β1γ2 − β2γ1)Z = 0,
and hence R = (β1 − β2 : γ1 − γ2 : 0). By conditions β
q2
i = −βi and γ
q2
i = −γi for
i = 1, 2, it is inferred that R is an Fq2-rational point. The claim follows.
Remark 4. It can be proved that IQ(C2, TQC2) = q for a general point Q ∈ C2,
where IQ(C2, TQC2) is the intersection multiplicity of C2 and the tangent line TQC2
at Q. Since IQ(C2, TQC2) at a general point is small compared to the degree of
C2, our arc does not satisfy the inequality provided in [6, Theorem 3.5], namely,
assertion (b) in Theorem 2 does not come from [6, Theorem 3.5].
Remark 5. The irreducibility of the curve defined by
(xq + x)
q−1
q′−1 + (yq + y)
q−1
q′−1 + c = 0
and its genus are determined in [2], where q and q′ are powers of p, q′ − 1 divides
q − 1, and c ∈ Fq′ \ {0}. Similarly to assertion (a) in Theorem 2, it can be proved
that this curve is q2-Frobenius nonclassical.
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